With the aid of weighted sharing of values we prove a result on the uniqueness of meromorphic functions sharing three values. Our result will improve and supplement some earlier results of Lahiri [6] , Yi [21] and some very recent results of both the present author [2] and Chen, Shen, Lin [4] . We also exhibit some examples to show that our result is best possible. In the application part of our result we will show that some results obtained by Chen, Shen, Lin [4] are wrong by obtaining the actual results.
Theorem A. Let f and g be two entire function of finite order such that they share 0, 1 CM and 2δ(0; f ) > 1, then either f ≡ g or f · g ≡ 1.
Ueda [15] removed the order restriction in Theorem A and extended it to meromorphic functions.
In 1989 G.Brosch [3] improved the result of Ueda.
In 1998 H.X.Yi [20] improved all the previous results and proved the following. To state the next results we have to introduce the notion of gradation of sharing known as weighted sharing which measure how close a shared value is to being shared CM or to being shared IM.
Definition 1.3. [6, 8] Let k be a nonnegative integer or infinity. For a ∈ C ∪ {∞} we denote by E k (a; f ) the set of all a-points of f where an a-point of multiplicity m is counted m times if m ≤ k and 1 + k times if m > k.
If E k (a; f ) = E k (a; g), we say that f, g share the value a with weight k.
The definition implies that if f , g share a value a with weight k then z 0 is an a-point of f with multiplicity m(≤ k) if and only if it is an a-point of g with multiplicity m(≤ k) and z 0 is an a-point of f with multiplicity m(> k) if and only if it is an a-point of g with multiplicity n(> k), where m is not necessarily equal to n.
We write f , g share (a, k) to mean that f , g share the value a with weight k. Clearly if f , g share (a, k) then f , g share (a, p) for all integer p, 0 ≤ p < k. Also we note that f, g share a value a IM or CM if and only if f , g share (a, 0) or (a, ∞) respectively.
In 2001 with the notion of weighted sharing of values the following two results were proved in [6] .
Theorem C. Let f and g be two nonconstant meromorphic functions sharing (0, 1), (∞, 0) and (1, ∞) . If
for r ∈ I and 0 < λ <
Theorem D. Let f and g be two nonconstant meromorphic functions sharing (0, 1), (∞, ∞) and (1, ∞) . If
In 2003 Yi [21] improved Theorem C and Theorem D and proved the following three theorems.
Theorem E. Let f and g share (0, 1), (∞, 0), (1, 5) . If
Theorem F. Let f and g share (0, 1), (∞, 0), (1, 3) . If
Theorem G. Let f and g share (0, 1), (∞, 2), (1, 6) . If
We now state some more definitions. 
Theorem H. Let f and g be two nonconstant meromorphic functions sharing (0, 1), (∞, 0), (1, 5) . If
Theorem I. Let f and g be two nonconstant meromorphic functions sharing (0, 1), (∞, 0), (1, 3) . If
Recently Chen, Shen and Lin [4] have got the following two theorems that improved Theorem E, Theorem F and Theorem G in a different direction from that in [2] . Following two theorems are their main results. 
Theorem K. Let f and g be two nonconstant meromorphic functions sharing (0, 1), (∞, k), (1, m) , where k and m are positive integers or infinity satisfying
It can be easily seen that the condition (m − 1)(km − 1) > (1 + m) 2 is equivalent to (m − 1)(k − 1) > 4 and so is symmetric in m and k. Obviously m, k both must be ≥ 2. Next we consider the followoing examples.
3(e z −1) . Clearly f , g share (0, ∞), (∞, 0) and
In the above three examples though the condition (1.6) is satisfied, the conclusion of Theorem K ceases to hold. So the condition (m − 1)(k − 1) > 4 is necessary in Theorem K.
Hence it is a natural query to explore the situation for k < 2 and at the same time to investigate the case (m
The above discussion is the motivation of this paper. We will not only provide an affirmative solution in the above direction but also improve all the theorems discussed till now by deriving a generalized result at the cost of modification of condition (1.6). Following theorem is the main result of the paper. We also consider the following examples.
Theorem 1.1. Let f and g be two nonconstant meromorphic functions sharing
Example
Following examples show that in Theorem 1.1 and Theorem K the sharing (0, 1) can not be relaxed to (0, 0).
Lemmas
In this section we present some lemmas which will be needed in the sequel. Henceforth we shall denote by H, φ 1 , φ 2 the following three functions.
and
Lemma 2.1 shows that S(r, f ) = S(r, g) and we denote them by S(r). 
Proof.
Suppose
Then by integration we obtain
where C = 0 is a constant. It is clear that if z 0 is a zero of f then it is a zero of g. So C = 1 and hence f ≡ g.
Lemma 2.5. If f , g share (1, 0) and 1 is not an Picard exceptional value of f and
Then by integration we obtain f ≡ Cg, where C = 0 is a constant. It is clear that if z 0 is an 1 point of f then it is so also of g. So C = 1 and hence f ≡ g. 
Proofs of the theorems.
Proof of Theorem 1.1. Suppose H ≡ 0. Then using Lemma 2.3 for p = 1 and Lemma 2.6 we get
which contradicts (1.7). So H ≡ 0. Hence by Lemma 2.2 f and g share (0, ∞),
. Now by Theorem B the theorem follows.
Proof of Theorem K. Suppose f ≡ g, we shall show that f · g ≡ 1. Noting that here both k and m are ≥ 2, using Lemma 2.7 we get N (r, ∞; f |≥ 2) = N (r, ∞; f |≥ k + 1) = N L (r, 1; g) = S(r) and hence (1.7) reduces to (1.6). So by Theorem 1.1 we can obtain the conclusion of Theorem K.
Some remarks.
In 2003 Yi proved the following theorems.
Theorem L. [21] Let f and g be two nonconstant meromorphic functions sharing (0, 0), (∞, 1), (1, 5) . If
Theorem M. [21] Let f and g be two nonconstant meromorphic functions sharing (0, 0), (∞, 1), (1, 3) . If
Theorem N. [21] Let f and g be two nonconstant meromorphic functions sharing (0, 2), (∞, 1), (1, 6) . If
Recently the present author [2] have improved Theorems L and M and Chen, Shen, Lin [4] improved Theorems L-N in two different directions. As a consequence of Theorem 1.1 and Theorem K we will improve Theorems L-N which will also improve the results of Banerjee [2] as well as Chen, Shen, Lin [4] in this respect. 
Proof. Let
2)
It is clear that 
Since f , g share (0, k), (∞, 1) and (1, m) from (4.2) it follows that F , G share (0, 1), (∞, k) and (1, m). So by Theorem 1.1 we get either F ≡ G or F G ≡ 1 from which the theorem follows.
Considering the substitution (4.2), from Theorem K we can easily prove the following. 
From Theorem K we can prove the following.
,
We note that
and m) implies that the totality of zeros of f − (a + bω i ) and g − (a + bω i ), i = 0, 1, . . . , n − 1 coincides in locations as well as multiplicities up to order m, it follows that F and G share (1, m) . It is also clear that F and G share (0, n − 1), (∞, nk + n − 1). As n ≥ 2, we note that F and G always share (0, 1).
2 . Combining Theorem K and N (r, 0; F |= 1) = N (r, 1; F |= 1) = 0, we get either F ≡ G or F G ≡ 1. From this we get the conclusion of the theorem. 
We verify that
2. This example shows that the assumption n ≥ 2 in Theorem 5.1 is best possible.
In 2003 Yi [21] proved the following theorem.
By replacing f and g with a + 2 , and so we can not use Corollary 1.5 in [4] to get Theorem 5.4 in [4] .
